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Shift Finding

e Given a code vectorc € {—1,+1}"

e Signalvectorx =c® + g

— ¢ js the code shifted by T, ci(r) = Cj+rmodn
— g is Gaussian noise vector with variance ¢*
— Noise can also be Booleanx =¢® O b

(bit flips: b; = —1 with probability n < 1/2)

e Estimatet:

T = argmax x - ¢(®)
t
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a¢ probdenn i defined as follows. W s gven & bisary coke vwetor o, ad 3 sigral wetor
y & shiift  and adding nosve. The poal is 10 estimate 7 by findmng the shift that
distance betwoens the sipmal and the dufted code. The code is avetamed B by ecormalased
with airy duft of itvelf. md bence muninizing the distince yield a pood evtumate of 7. The problem cm be
sanirally extesstod bo luzher-dutrons, uhese e sgurs ¢ sl x. are begherkmensoml utrices

The wwportance of shift Bmding stems. from fwo reasons: 1) #t i & basic problem ot the beart of s~
eral practical applications. ey G o [HAKIIZ, Kago] and 1351
and 2) it has strong connections 10 # large body of work on string patiern mssching algonsieos. and bence
achances o this preblern can sied new lights ou o fopics

T s ther practical e of s Frnfimg, comnidder b 8 GIS rwceiver bocks o the watellite sigmsl [Kap6)
Each GPS satellite is sssizned o COMA code, nhich ca be modeled i 8 pendom vesior, ¢, of longth w
with each o, choven mdepmdentty and smufomady = raodons from [ -1, 1] The satellite transmit i code
repeatedly. To Jock oo the G5 signal. n peceiver lias 1 align the sovesponding COMA code. v with the
roveiued gl % Thot allonws tae GPS seceiies 1o eutamale the delay = receiving the satellite code, wisch
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N these & 1 therein

GPS i it ome examsple of 4 cls of spplication that meploy sbeft fliking 1o ki & code with an
encoded sgmal in order 1o memare deloy md or monos. Other application mchide motion estmation and
eompensatice: in video [ITU]. packet synchsensration & wltra widebosd wivelews transcenvers [CLW (5],
sl the evtimation of relative wavel Himes of wnind waes med for il ackes or et localiea
thon [Speiel]. All these applicatsons can benefit frou faster algoritioms for shif finding

st s lgoeithun for the general versioe of shift fludes takes 00 kot 1 titme. mmd weels

iy oemsvolvioeg « mod x uning the Fast Fomer Tranafoeni (FFT1. A reomt paper [FAKTIZ] s peoposed
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constant prebabulity [HEK " 03, AN10). This lowes boane bbb even for the exe where the sput is msdom
Peatiapn, apriumgly, 5o wil-linese tune alporlus is koo for o) fnding

Thse Iack of # sub-Besea algovethen o pustsculaely imerestasg since the problesy s arongly selated 1o the
well-studied appraxamate string matchang problos (also known as approxamatle pattem malckag) [FP74
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vector % of bength re. the goal is 10 find & daft 1 that nunimizes the distance between ©
xt. b4 = 1] Although theve bs & rich bedy of sgoritlins for spproxsaste string wsiching. e
slgorthuns e either baned o the FFT (sad heice nm i 8 beast THm bog o] i), or srprove over e
F¥T only when &. the number of nusmaiched coordmnes berween the sinng snd the text. s unall (Le
ALPOM] birvessigating the case of potentially marsy misnatched coonfismes (e k = w{m)L a
defizzed = the shidt fuding problen. s bead 1o new advasscen i this well-adind o

Our Revalts: b this paper. we cousider the shift finding probllews in n seriisg where © is mndom aod x is
euad o o sl verviem of the code commupted by move. O basic eotse reasdel asseenes that x = o' +
wihere whvere /"' refiers 1o the code sbafted by 7. s the entries 5 are iid random varables taken from
the mormal distributson with (e and varance 3. We alsa consder the Boolean eor medel where x i
ottained by flippme esch eary in "' wisk probatility g < 1/2
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CDMA code

iml""l" WA i COmpUte C*X: 0 (nz)




Shift Finding using FFT

Convolution in time <> Multiplication in frequency.

c—>FFT—>é\
/é®ﬁ—>IFFT—>c*x
X - FFT - X

Compute C * X in frequency domain * O(n log n)



Previous Work
e Lower Bound Q(y/n) [BEK*03], [AN10]

e Linear Time Algorithm: O(n) [HAKI12]

— Assuming the noise is Gaussian and bounded by 0(n/log? n)

 Approximate pattern matching algorithms:
— Code c of length m and signal x of lengthn > m
— Find shift T that minimizes distance between ¢ and x [t : T + m —1]

— Known Results:
» Use FFT and have run times: Q(nlogn) [FP74]
* Improves over FFT small number of mismatched coordinates k:

O(n /klogk) [ALPO4]

e Sub-linearinn forlarge m: 0(n/m klogn) [CM94]



Our Results

e First sub-linear time algorithms for the shift finding problem.
* Assumptions:

— The code cis random (¢; = +1 with prob. 1/2)

— Noise is Gaussian with variance 0(1)

— Noise is Boolean with flip probability < 1/2

e Results:
— Simple algorithm that recovers the correct shift with large constant

probability in O ((n logn)2/3)
— Faster algorithm with running time to 0 (n%41)
e Uses fast matrix multiplication

— Generalize the algorithms to pattern matching

e Sub-linear time : 0(n/m%3%9)

e Do not require the number of mismatched coordinates k to be small
(i.,e. k= 0(m))



Intuition: Folding T
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O(n/plogn/p)+ 0(n)




Sub-linear Time Shift Finding Algorithms

At high level, both algorithms have 2 steps:
1. Estimate the shift T mod n/p

2. Out of p shifts that satisfy T mod n/p, find

Rest of the talk:
e Simple Algorithm with run time 0 ((n 10gn)2/3)

e Faster Algorithm with run time 0(n°641)



Step 1: Estimate the shift 7 mod n/p

@)
o> iR

T mod n/p = argmax c(p)®-x(p)
ost<n/p

- 0(n)

—

e Goal:for 0 <t < n/p estimate:

de = c@)®-x(p) = D, c@);" - x(p);




Step 1: Estimate the shift 7 mod n/p

<o OB [T

Jn/plogn
c(p) ﬁ /\MMW}HMM W)W m W{W}
\/n/plg

e Compute the first \/n/plogn samples of X(p)

e Compute /n/(plogn) equally spaced segments of c(p)
each of length 0(logn)



Step 1: Estimate the shift 7 mod n/p
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d, = Z ¢ - x (p);

e Forany shift ¢ , c(p)® and x(p) have O(logn) common terms

e Approximate d; using O(logn) terms of the summation

e Estimate: T mod n/p = argmax d;
o<st<n/p




Step 2: Out of p shifts satisfying T mod n/p, find ©

e We know: T = argmax x - ¢®
0st<n

* Only p shifts are equal to T mod n/p

e Enumerate p shifts: 7 = argmax x-c®
t=t mod n/p

e Approximate distance using O(logn) samples:

_ (t)
T = dIrgmax z Ci * X
t=Ttmodn/p 0<i<logn
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Runtime of Simple Algorithm

e Step l:EstimateTt modn/p

— Compute /n/plogn samples of c(p) and x(p) > 0(p /n/plogn)

— For 0 <t < n/p, compute d; using O(logn) samples > O0(n/plogn)

e Step 2: Enumerate p shifts = 0(plogn)

Total Runtime : O(p\/n/p logn +n/p logn)

=0 ((n logn)2/3) forp = (nlogn)/3
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Faster Algorithm

e Step 1: Estimate t mod n/p

— Use the closest pair algorithm which follows from Valiant
[Val12]:

Given n independent random vectors {+1}%, except for at most
one pair that is p-correlated, we can find this pair in dn/ p?
time where f < 1.779

e Step 2: Enumerate p shifts



Faster Algorithm
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Faster Algorithm
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Faster Algorithm
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e 2X./n/p vectors from {+1}°8"

e Find the two most correlated vectors



Runtime of Faster Algorithm

e Step l:Estimatet modn/p
— Compute \/n/plogn samples of c(p) and x(p) > 0(plogn/n/p)

— Run the algorithm form [VAL12] logn times 2 O ((,/n/p)f logP® n)

o Step 2: Enumerate p shifts = 0(plogn)

Total Runtime for p = nU~D/U+D: g(n//U+D o0 n)

for [VAL12], f = 1.779 : 0(n%®*1)

If ,f=1+¢€: O(n(1+0(6))/2) —> Matches lower bound

19




Conclusion
First sub-linear time algorithms for shift finding
problem
Simple algorithm with runtime in O ((nlogn)2/3)

Faster algorithm with runtime to 0 (n?¢41)

Generalize to pattern matching with runtime
O(n/m0.359)

To achieve lower bound of Q(+1/n), it suffices to have
a closest pair algorithm that is linear in number of

vectors.



